We consider the two-dimensional time-harmonic elastic wave scattering problem for an unbounded rough surface, due to an inhomogeneous source term whose support lies within a finite distance above the surface. The rough surface is supposed to be the graph of a bounded and uniformly Lipschitz continuous function, on which the elastic displacement vanishes. We propose an upward propagating radiation condition (angular spectrum representation) for solutions of the Navier equation in the upper half-space above the rough surface, and we establish an equivalent variational formulation. Existence and uniqueness of solutions at arbitrary frequency is proved by applying a priori estimates for the Navier equation and perturbation arguments for semi-Fredholm operators.
The boundary value problem and radiation condition.
In this section, we present the mathematical formulation of the two-dimensional elastic wave scattering problem for rough surfaces. Let D ⊂ R 2 be an unbounded connected open set such that, for some constants f − < f + ,
For h > f + , let Γ h := {x ∈ R 2 : x 2 = h} and S h := D\U h . The variational problem will be posed on the open set S h which lies between the rough surface Γ := ∂D and the line Γ h (cf. Figure 1.1 ). Throughout the paper we fix the constants f − , f + and assume that Γ is the graph of a uniformly Lipschitz continuous function f (f ∈ C 0,1 ), i.e.,
and that there exists a constant L > 0 such that
Given an inhomogeneous source term g ∈ L 2 (D) 2 whose support lies within a finite distance above Γ, we wish to seek the elastic displacement u = (u 1 , u 2 ) such that (Δ * + ω 2 )u = g in D , Δ * := μΔ + (λ + μ) grad div , (2.2) u = 0 on Γ , (2.3) with (2.2) understood in a distributional sense, and such that u satisfies an appropriate radiation condition. Here ω > 0 denotes the angular frequency, and the Lamé constants λ and μ are fixed throughout the paper and satisfy μ > 0, λ + μ > 0. Note that in (2.2) we have assumed for simplicity that the mass density of the elastic medium in D is equal to one. In the following paragraphs we will derive a new upward propagating radiation condition (UPRC) for elastic waves based on the UPRC for acoustic waves in [14] .
Let F v denote the Fourier transform of v defined bŷ
with the inverse transform given by
Note that F is an isometry of L 2 (R) onto itself. Since the support of g is bounded in the x 2 -direction, we can choose a number h > f + such that supp (g) is contained Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php in S h ., We want to derive a representation for u in U h in terms of u| Γ h . Define the compressional and shear wave numbers by
respectively. Since u satisfies the homogeneous Navier equation in U h , it can be decomposed into a sum of its compressional and shear parts: (2.4) where the two curl operators in Applying the Fourier transform to (2.5) with respect to x 1 , we obtain, for (ξ,
Throughout the paper the branch cut of a complex square root is always chosen such that its imaginary part is nonnegative, i.e., k 2 − ξ 2 = i ξ 2 − k 2 if |ξ| > k. As the field u above the support of g should be the superposition of outgoing plane waves, we seek solutions to the above equations in the form ϕ(ξ, x 2 ) = P (ξ) exp (i(x 2 − h) γ p (ξ)), (2.6)ψ (ξ, x 2 ) = S(ξ) exp (i(x 2 − h) γ s (ξ)) , (ξ, x 2 ) ∈ U h , for some P (ξ) , S(ξ) ∈ L 2 (R). Note that, for fixed x 2 > h, the exponential functions in (2.6) are rapidly decaying as |ξ| → ∞. Taking the Fourier transform of (2.4) with respect to x 1 giveŝ
Inserting (2.6) into (2.7) and setting x 2 = h yields (2.8) which implies that P (ξ) S(ξ)
, ξ ∈ R . (2.9) Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Note that the function in the denominator in (2.9) satisfies the bounds
where the constants C 1 , C 2 > 0 depend only on ω (for fixed Lamé parameters λ and μ). More precisely, we have ξ 2 + γ p (ξ) γ s (ξ) ∼ (k 2 p + k 2 s )/2 as |ξ| → ∞, and it follows from the proof of Lemma 2 below that (2.10) holds with C 1 = k 2 p , C 2 = k 2 s . Inserting (2.9) into (2.6) and then inserting the representations ofφ(ξ, x 2 ),ψ(ξ, x 2 ) into (2.7), we finally obtain the Fourier transform of u with respect to x 1 in U h given bŷ
Taking the inverse Fourier transform ofû(ξ, x 2 ), we arrive at the following representation for u in terms of the Fourier transform of u(x 1 , h):
Formula (2.11) is just the UPRC that we are going to use in the following sections. The right-hand side of (2.11) can be interpreted as a superposition (in integral form) of upward propagating plane compressional and shear waves corresponding to |ξ| ≤ k p and |ξ| ≤ k s , respectively, and evanescent plane waves corresponding to |ξ| > k p and |ξ| > k s , respectively. Since each element of M p (ξ) exp(i(x 2 − h)γ p (ξ)) and M s (ξ) exp(i(x 2 − h)γ s (ξ)) is uniformly bounded in ξ ∈ R, the integral (2.11) exists in the Lebesgue sense for all
Taking into account the relations (2.8) and (2.9) betweenû h and (P (ξ), S(ξ)) , we may rewrite the UPRC (2.11) as
in terms of the Fourier transforms P (ξ) and S(ξ) of the functions
respectively; see (2.6 
If u is quasi-periodic and the profile function f is 2π-periodic, the UPRC (2.13) for a bounded solution u is equivalent to the commonly used Rayleigh expansion radiation condition in U h ; see [6, Remark 3.8] . Moreover, it can be proved that the condition (2.11) makes sense for all u h ∈ L ∞ (R) so thatû h must be interpreted as a tempered distribution; compare [8, 11] in the case of the Helmholtz equation. Therefore our UPRC (2.11) also generalizes the Rayleigh expansion in the case of a periodic surface Γ. For the uniqueness and existence of quasi-periodic solutions in grating diffraction problems, we refer to [23, 24] concerning the variational approach in R n (n = 2, 3), and to [6, 7] where the integral equation method and the Rayleigh expansion radiation condition are used for the Navier equation in R 2 .
To state the boundary value problem, for h > f + , we introduce the energy space V h as the closure of C ∞ 0 (S h ∪ Γ h ) 2 in the norm
Boundary value problem (BVP). Given g ∈ L 2 (D) 2 , with supp (g) ⊂ S h for some h > f + , find u ∈ H 1 loc (D) 2 such that u| Sa ∈ V a for every a > f + (implying u = 0 on Γ), the Navier equation (Δ * + ω 2 )u = g in D holds in a distributional sense, and the radiation condition (2.11) is satisfied with u h := u| Γ h ∈ H 1/2 (Γ h ) 2 (from the trace theorem).
Remark 2. We note that the solutions of (BVP) do not depend on the choice of h since the arguments of [14, Remark 2.1] for the Helmholtz equation can be easily adapted to our elastic case. More precisely, if u is a solution to (BVP) for one value h > f + for which supp(g) ⊂ S h , then u is a solution for all H > f + having this property. Note that if the UPRC (2.11) holds for some h > f + , then it holds for all larger values of h; see Lemma 1 below. To show that (2.11) also holds for every H < h such that H > f + and supp(g) ⊂ S H , the uniqueness result of Theorem 1 below can be applied.
The Dirichlet-to-Neumann map and variational formulation.
We now derive an equivalent variational formulation of the boundary value problem (BVP) in the space V h , which involves the Dirichlet-to-Neumann operator on the artificial boundary Γ h . We introduce the generalized stress (or traction) operator on ∂S h = Γ ∪ Γ h defined by T a,b u = (μ + a) ∂ n u + b n div u − a τ curl u , (3.1) Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php where n = (n 1 , n 2 ) denotes the unit normal directed into the exterior of S h , τ := (−n 2 , n 1 ) is the tangential vector, and a and b are real numbers satisfying a + b = λ + μ. Throughout this paper we choose a = 0 , b = λ + μ, so that
With this choice, the first Betti formula reads as
where the bar indicates the complex conjugate, and E(·, ·) is the symmetric bilinear form defined by
in accordance with the stress operator (3.2). Note that this differs from the usual elastic energy, and we refer the reader to Remark 4 below for the motivation. In particular, our choice (3.2) of the generalized stress operator leads to a minimal loss of coercivity for the corresponding Dirichlet-to-Neumann map on Γ h . Moreover, we obviously have the coercivity estimate
Note that the normal on Γ h takes the form n = e 2 := (0, 1) , so that
To introduce the Dirichlet-to-Neumann map on Γ h for our scattering problem, we further define the matrices (3.7)
.
Consider v ∈ C ∞ 0 (Γ h ) 2 and extend it to a function u ∈ C ∞ (U h ) 2 using the UPRC (2.11) with u h = v. Then, applying the stress operator (3.6) to the representation (2.11) and using (3.7), we obtain the relation
Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Note that integration in (2.11) and differential operators in x can be interchanged sinceû h is a rapidly decreasing function in ξ. The operator T = T (ω) defined in (3.8) can be represented as
This operator, which will prove to be a Dirichlet-to-Neumann map on Γ h , extends to a bounded linear map from 11) and the relations γ p (ξ) , γ s (ξ) ∼ i|ξ| as |ξ| → ∞ and (2.10). In fact, these relations imply the bound
with some C(ω) > 0 uniformly in ξ ∈ R and z ∈ C 2 . Moreover, the matrix M (ξ, ω) (and thus the operator T (ω)) depends continuously on ω ∈ R + . Furthermore,
Thus the operator T (ω) is continuous with respect to ω in operator norm, i.e.,
We next follow [14] to establish an equivalent variational formulation for the boundary value problem (BVP). It is well known that, for H > h ≥ f + , the trace operators 
Furthermore, for all H > h, the restrictions of u and ∇u to Γ H are in L 2 (Γ H ) 2 , and the UPRC (2.11) holds with h replaced by H.
Since Lemma 1 can be proved analogously to [14, Lemma 2.2], we omit its proof. Now suppose that u is a solution to the boundary value problem (BVP). Then u| SH ∈ V H for every H ≥ h and, since (2.2) holds in a distributional sense, we have
Making use of the identity (3.14) and the fact that γ + u = γ − u on Γ h , we arrive at .14) and (3.16) that (2.2) holds in a distributional sense, with g extended by zero from U h to D. Thus the variational problem (3.16) is equivalent to the boundary value problem (BVP).
Furthermore, we note that if u is a solution to the boundary value problem (BVP), then (3.15) and Betti's formula
where T is the stress operator on Γ h defined in (3.6 ). Thus T is actually the Dirichletto-Neumann map on Γ h of our scattering problem.
Since the operator T :
where V * h denotes the dual of the space V h with respect to the duality (·, ·) S h extending the scalar product in L 2 (S h ) 2 . In this paper we also consider the following more general problem: Given h > f + , G ∈ V * h , and a fixed frequency ω > 0, find u ∈ V h such that
Note that (3.20) covers our variational problem (3.16) when the right-hand side G ∈ V * h is defined specifically as the functional
which satisfies the bound
where g is a source term with support in S h . The main theorem of this paper can now be stated as follows. Theorem 1. For any ω > 0, the variational problem (3.20) is uniquely solvable, and the solution satisfies the bound Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
where the constant C does not depend on u and G. In particular, the boundary value problem (BVP) is uniquely solvable, and the solution satisfies the estimate
Analysis of the variational problem for small frequencies.
For a matrix M ∈ C 2×2 , let Re M := (M + M * )/2, and we shall write Re M > 0 if Re M is positive definite. Here M * is the adjoint of M with respect to the scalar product (·, ·) C 2 in C 2 . To study the form B defined in (3.17) for small frequencies, we need the following properties of the matrix M (ξ, ω) defined in (3.9) .
(ii) There exists a sufficiently small frequency ω 0 > 0 such that the estimate
holds for some constant C > 0 independent of ω, ξ, and z.
Proof
To prove the first assertion, we only need to verify that det (−Re M (ξ, ω)) > 0 for all |ξ| > k s , where det(·) denotes the determinant of a matrix. By the definition of ρ(·), it is easy to see that
For |ξ| > k s , it holds that 
for some sufficiently small frequency ω 0 > 0.
We now consider the case k p < |ξ| ≤ k s . In this case there holds
It can be derived from these bounds that each element of the matrix Re (−M (ξ, ω)) can be bounded by C(λ, μ)ω for some constant C(λ, μ) > 0 as
By the Plancherel identity (or rather its extension to an H 1/2 × H −1/2 pairing using the Sobolev norms (3.11)) and the definition of the operator T , for all u ∈ V h we have
Together with Lemma 2 and the trace theorem, the identity (4.4) implies that
with C,C being some positive constants independent of u and ω. Remark 3. In contrast to the case of the scalar Helmholtz equation, the Dirichletto-Neumann map T for the Navier equation does not have a definite real part, which can be seen from the matrix (4.2) for |ξ| < k p . We note that this leads to essential difficulties in establishing a priori estimates of solutions (see Lemma 4 below), and that the approach of using the generalized Lax-Milgram lemma in Chandler-Wilde and Monk [14] cannot be straightforwardly extended to the elastic case. However, in the periodic case one can decompose Re (−T ) into the sum of a positive-definite operator and a finite-dimensional operator. This decomposition, combined with compact imbedding arguments applied to one periodic cell, leads to the strong ellipticity of the corresponding sesquilinear form, and thus existence simply follows from uniqueness via the Fredholm alternative. However, the compact imbedding of H 1 into L 2 does not hold for the unbounded domain S h .
Remark 4. With our selection of the stress operator T := T 0,λ+μ , we observe that k s is the (explicit) lower bound of the numbers κ such that Re (−M (ξ, ω)) is positive definite for all |ξ| > κ. The results of Lemma 2 can be extended to the case where the matrix M (ξ, ω) in (3.9) is defined via an arbitrary generalized stress operator T a,b with a + b = λ + μ and a, b ∈ R. In particular, Lemma 2 (i) then holds for |ξ| > κ with some sufficiently large κ > k s ; see also [23, 24] , where the usual stress operator Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php T λ,μ has been used in the cases of two-dimensional and three-dimensional periodic structures.
Moreover, defining the Dirichlet-to-Neumann map T via the generalized stress operator T a,b and replacing (3.4) with the corresponding expression
in the sesquilinear form (3.17) , we arrive at a variational equation that is equivalent to (3.20) .
Using Lemma 2 we can now establish the V h -ellipticity of the sesquilinear form (3.17) for small frequencies, which implies the existence of a unique solution to (3.20) in this case.
Theorem 2. Let B(ω) be the operator defined in (3.19) . Then there exists a sufficiently small frequency ω 0 > 0 such that the bounded inverse operator B(ω) −1 :
Proof. From inequalities (3.5), (4.5) and the definition (3.17) of the sesquilinear form B(·, ·), it follows that
where the constantC > 0 is independent of u and ω. Recalling [14, Lemma 3.4 ] that
we arrive at the bound
where the constants C 1 , C 2 > 0 are independent of u and ω. Therefore, combining (4.6) and (4.7), we obtain the uniform estimate
for a sufficiently small frequency ω 0 > 0. By the Lax-Milgram lemma,
Analysis of the variational formulation at arbitrary frequency.
We now turn to analyzing the operator equation (3.20) for an arbitrary frequency ω > 0, which covers the variational problem (3.16) as a special case. Our solvability result for (3.20) is a direct consequence of Lemma 3 below on the perturbation of semi-Fredholm operators, which is known but will be presented for the reader's convenience.
Let 
(ii) there is a number ω 0 > 0 such that the bounded inverse of B(ω) exists for all ω ∈ (0, ω 0 ]. Then the operator B(ω) is invertible for all ω ∈ R + , and the norm of its inverse operator satisfies the bound
Proof. It follows from condition (i) that the operators B(ω), ω ∈ R + , are all injective and semi-Fredholm. Using a classical stability results for semi-Fredholm operators (see, e.g., [31, Theorem 19.1.5] ) and the continuity of B(ω) with respect to ω, we have ind (B(ω 1 )) = ind (B(ω 2 )), provided |ω 1 − ω 2 | is sufficiently small. This implies that the number ind (B(ω)) is constant (either a finite number or −∞) for all ω ∈ R + . However, from condition (ii), it follows that dim N (B(ω)) = codim R(B(ω)) = 0 , and thus that ind (B(ω)) = 0 for all ω ∈ (0, ω 0 ]. Hence ind (B(ω)) = 0 for all ω ∈ R + . Again using condition (i), we obtain codim R(B(ω)) = 0 for all ω ∈ R + , which is equivalent to the surjectivity of B(ω). Therefore B(ω) −1 always exists with the bound
To apply Lemma 3, we take X = V h , Y = V * h and define B(ω) as the operator in (3.19) , which is continuous with respect to ω ∈ R + in operator norm; see (3.13) and (3.19) . It obviously remains to verify the estimate
for each ω ∈ R + . Analogously to [14, Lemma 4.4] , we establish an auxiliary lemma which reduces the problem of justifying (5.1) to that of proving an a priori bound for solutions of the variational equation (3.16), which is a special case of (3.20) . Note that the extension of [14, Lemma 4.4 ] to the elastic case is not trivial, due to the lack of a definite real part of the Dirichlet-to-Neumann map T .
Lemma 4. The bound (5.1) holds if there exists C 0 = C 0 (ω) > 0 such that
Proof. Consider the operator B α := B + αI : V h → V * h , where α > 0 and I is the identity operator. We claim that B α is invertible, provided α > 0 is sufficiently large. To see this, we will verify that Re (B α u, u) S h ≥ C 1 ||u|| 2 V h for some constant C 1 > 0 independent of u, where the sesquilinear form corresponding to B α is given by (cf. (3.17))
Using (3.5), (4.4), and Lemma 2 (i), we find 
. Choosing some l = l 0 > C 2 /μ and then α > ω 2 + C 2 l 0 , we arrive at the V h -ellipticity of the operator B α . Now we choose a sufficiently large number α > 0 such that the problem
Defining w = u − u α , we then see that
By the assumption (5.2) and the bound (5.5), it holds that
We turn now to establishing the crucial a priori estimate (5.2). This will be done in subsection 5.1 when the rough surface Γ is given by the graph of a bounded C ∞ function f with a uniform Lipschitz constant, and in subsection 5.2 for a bounded and uniformly Lipschitz continuous function f .
A priori estimate for smooth rough surfaces.
Suppose that Γ is the graph of a C ∞ function f satisfying (2.1). Let u ∈ V h be a solution of the variational problem where h > f + ,g ∈ V h , and B = B(ω) is defined in (3.19) . Then u satisfies the inhomogeneous Navier equation
in a distributional sense, with the boundary conditions (cf. (3.18) )
The following lemma is crucial for proving Theorem 1 in the case of smooth rough surfaces. Lemma 5. Assume that Γ is given by the graph of a C ∞ function f satisfying (2.1), and that u ∈ V h is a solution of problem (5.6) . Then there exists a constant C 0 > 0 depending only on ω, h, and the Lipschitz constant
In the following arguments we extend a solution u of (5.6) to D by the UPRC Our proof of Lemma 5 relies heavily on the use of Rellich identities for both the Helmholtz and Navier equations in an infinite layer of finite width. Motivated by the existence and uniqueness proofs for elastic scattering by periodic surfaces (cf. [23, 24] ) and acoustic scattering by rough surfaces (cf. [14, 16, 41] ), we first derive an a priori estimate for the traces of the functions div u and curl u on the rough surface Γ using a Rellich identity for the Navier equation. Then we extend the estimates of [27, Lemma 5.2 ] for the Helmholtz equation to the case of nonperiodic rough surfaces and obtain bounds for the L 2 norms of div u and curl u on S H and Γ H for H > h. These bounds, combined with another Rellich identity for the Navier equation, lead to the desired estimate in Lemma 5 when f is a smooth function. Lemma 6. Suppose that f ∈ C ∞ (R) satisfies (2.1),g ∈ V h , and u ∈ V h , is a solution of (5.6). Then there exists a constant C > 0 only depending on ω, h, and L such that
Proof. Following the approach of [14, section 4], we first derive a Rellich identity for the Navier equation in the unbounded domain S h . Sinceg ∈ H 1 (S h ) 2 and u vanishes on the rough surface Γ which is C ∞ -smooth, by standard elliptic regularity we see that
3) with the stress operator T defined in (3.2), integration by parts gives (see [14] for the details in the case of the Helmholtz equation) 
where S A+1 h := S h ∩ {|x| ≤ A + 1} and e j denotes the unit vector in the x j -direction. Adding up the previous two equalities and letting A → +∞ yields the following Rellich identity for the Navier equation:
since the integrals over S A+1 h \S A h converge to zero. Noting that u = 0 and ∂ τ u = −n 2 ∂ 1 u + n 1 ∂ 2 u = 0 on Γ, we have n 1 ∂ 2 u = n 2 ∂ 1 u, ∂ 1 u = n 1 ∂ n u, and ∂ 2 u = n 2 ∂ n u on Γ, (5.9) from which we derive that
Hence, by (5.7), (5.8), and (5.10),
Using the Fourier transform of u h (x 1 ) = u| Γ h given in (2.8) in terms of (P (ξ), S(ξ)) and the Fourier transforms of T u on Γ h , ∂ j u| Γ h , j = 1, 2, and div u| Γ h given by (cf. 
after some elementary calculations, we obtain Here T denotes the Dirichlet-to-Neumann operator (3.10). Using (5.12) and (5.13) and taking the imaginary part of (5.6), we get
Combining (5.11) and (5.14) then gives the estimates
where the last inequality follows from (4.7) and the constants C 2 , C 3 depend only on ω and h. Recalling that
with C > 0 depending only on ω, h and L. Finally, it is easy to check, using u = 0 on Γ and the identities in (5.9), that n 2 |curl u| 2 = n 2 (|∇u| 2 − |div u| 2 ) = n 2 (|∂ n u| 2 − |div u| 2 ) on Γ.
Thus ||curl u|| 2 L 2 (Γ) can also be bounded by the right-hand side of (5.17). Remark 5. Ifg = 0 in S h , then it follows from Lemma 6 that u = ∂ n u = 0 on Γ. Thus the uniqueness to (BVP) is a direct consequence of Holmgren's uniqueness theorem if Γ is the graph of a smooth function satisfying (2.1). Furthermore, the uniqueness can be extended to a Lipschitz graph using the approximation arguments from Lemma 8 in subsection 5.2 below.
To continue the proof of Lemma 5, we now choose some H > h and derive estimates for the L 2 norms of the scalar functions div u and curl u on the artificial boundary Γ H and the strip S H . Define the functions (see (2.4)) ϕ := −(i/k 2 p ) div u, ψ := (i/k 2 s ) curl u, (5.18) where u denotes a solution of problem (5.6) extended to D by the UPRC (2.11). Note that this extension is a solution of (5.7) in S H withg = 0 in S H \S h . Therefore the functions ϕ and ψ defined in (5.18) satisfy the inhomogeneous Helmholtz equations 
Moreover, for each c ∈ [h, H], it follows from (2.11) and (2.12) that w satisfies the corresponding UPRC for the Helmholtz equation (see [14] ) (5.21) whereŵ c = F w c denotes the Fourier transform of w c = w| Γc . Note that we havẽ
On the artificial boundary Γ H , the Dirichlet-to-Neumann operator for problem (5.19 )-(5.21) takes the form (5.22) and is a bounded linear map of H 1/2 (Γ H ) into H −1/2 (Γ H ); see [14, Lemma 2.4] . It follows from Lemma 6 (for the strip S H ) that we can estimate the L 2 norm of the trace of w on Γ as
where C depends only on ω, H, and L. The following lemma, which is an extension of [27, Lemma 5.2] 
for some constants C,C > 0 depending only on ω, h, H, and the Lipschitz constant L of Γ.
Proof. By (5.21) and (5.22) , the trace of w on Γ H satisfies the relation ∂ 2 w = T γ − w. To estimate the L 2 norm of w on the strip S H , we consider the boundary value problem of finding v ∈ H (SH ) such that
It follows from [14, Lemma 4.6 ] that problem (5.25) is well-posed, with the unique solution v satisfying the bound
We first prove that ||∂ n v|| 2 L 2 (Γ) ≤ C 2 ||w|| 2 L 2 (SH ) for some constant C 2 > 0 depending only on ω, H, and the Lipschitz constant L of Γ. This estimate will be verified using the following Rellich identity for the Helmholtz equation:
which is just the analogue of the identity (5.8) and can be proved in the same way. Furthermore, it holds that (see the proof of Lemma 4.6 in [14] )
using the equalities in (5.9) and the bound for n 2 in (5.16). Inserting (5.28) and (5.29) into (5.27 ) and then using (5.26), we get the estimates
where the constants C 3 and C 4 depend only on ω, H, and L. We next prove the second inequality in (5.24) . Define the cut-off function χ A as in the proof of Lemma 6. By Green's formula, we then have
where the sets S A+1 2 , we obtain (see the proof of Lemma 4.6 in [14] )
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Note that v = 0 on Γ, and the Dirichlet-to-Neumann operatorT defined in (5.22) is symmetric (see [14, Lemma 3.2] ). Thus
Together with (5.26) and (5.30) , this implies, with C 5 depending only on ω, H, and L,
This proves the inequality
To prove the first inequality in (5.24), we use the estimate ΓH |w| 2 ds ≤ Γc |w| 2 ds for all c ∈ (h, H] , which follows from (5.21), (5.22) , and the Plancherel identity; see also the proof of Lemma 2.2 in [14] . Thus we obtain the bound
Combining (5.31) and (5.32), we then get the desired estimate (5.24) .
To prove the desired bounds of the L 2 norms of div u and curl u on S H and Γ H in terms of the right-hand side of (5.7), we now combine the estimates of Lemmas 6 and 7. In fact, applying Lemma 7 to w = ϕ and w = ψ and the corresponding right-hand sideg k of (5.19), and then using the bound (5.23), we obtain the estimate
Analogously, the estimates (5.24) and (5.23) imply the bound 
Thenû H (ξ) is related to (P H (ξ), S H (ξ)) via the equality (see (2.8))
Thus, from (5.39), (5.34) , and the Plancherel identity we get the estimates
where the constants C 2 and C 3 depend on ω, h, H, and L.
Furthermore, from the estimates (5.14) and (4.7) we obtain the following bound for the last term of (5.38):
with C 4 > 0 depending only on ω and H. Combining (5.40), (5.41) , and (5.38), we then arrive at
where the constant C 5 depends on ω, h, H, and L. Note that the second term in (5.38) is nonnegative.
We further have the easily verified relation 
where the constant C 6 only depends on the Lamé constants λ and μ. Combining (5.33), (5.42) , and (5.43) and using Young's inequality gives 
Choosing H, say H = h + 1, we see that the constant C 0 > 0 depends only on ω, h, and the Lipschitz constant L. This completes the proof of Lemma 5.
Let B = B(ω) be the operator defined in (3.19) . Combining Lemmas 4 and 5, we now obtain the a priori estimate
where the constant C depends only on ω, h, and the Lipschitz constant L of the rough surface Γ. Together with Lemma 3 and Theorem 2, the estimate (5.45) then implies Theorem 1 in the case of smooth rough surfaces.
A priori estimate for Lipschitz rough surfaces.
Having established the a priori estimate (5.2) for C ∞ surfaces in subsection 5.1, we now adapt Nečas's method [37, Chapter 5] of approximating a Lipschitz graph by smooth surfaces to justify the a priori estimate (5.2) in the general case. Similar arguments are employed in [27] for the scalar Helmholtz equation and in [23, 24] for the Navier equation in the periodic case.
Lemma 8. Suppose that Γ is given by the graph of a Lipschitz function f satisfying (2.1), h > f + ,g ∈ V h , and that u ∈ V h is a solution of the problem (5.6), i.e.,
Then there exists a constant C 0 > 0 independent of u andg such that ||u|| V h ≤ C 0 ||g|| V h .
Proof. We first approximate the Lipschitz function f by smooth functions. Choose C ∞ -smooth functions f m such that (see, e.g., [ Applying Lemmas 4 and 5 to the operators B m : V m h → (V m h ) * that correspond to the smooth rough surfaces Γ m with uniformly bounded Lipschitz constants L m ≤ L, we obtain the estimates (5.50)
with some constant C 1 > 0 independent of m. Letting m → ∞ in (5.50) and using (5.49), it follows that
which finishes the proof of Lemma 8.
Combining Lemmas 4 and 8, we get the a priori estimate (5.45) for a Lipschitz surface Γ, so that Theorem 1 is proven in the general case. We note that, for soundsoft acoustic scattering, existence and uniqueness of solutions has been proved in [14] for a more general class of nonsmooth rough surfaces, including a priori estimates of Downloaded 03/03/18 to 130.63.180.147. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php the form (5.45) with an explicit stability constant C in terms of the wave number and the width of the strip S h . The extension of these more general and precise results to elastic scattering remains an open problem.
We further note that the uniqueness and existence results obtained in this paper can be extended to three-dimensional elastic rough surface scattering problems, including the case of impedance boundary conditions. Moreover, following the variational approach of [11] in appropriate weighted Sobolev spaces, the problem of plane elastic wave incidence in the two-dimensional case and the problem of incident spherical and cylindrical elastic waves in the three-dimensional case can also be treated. These results will be presented in subsequent publications.
